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Phenomenological Relationship between Dielectric Relaxation and
Thermodynamic Recovery Processes near the Glass Transition

S. Matsuoka,* G. Williams,! G. E. Johnson, E, W. Anderson, and

T. Furukawa!

AT&T Bell Laboratories, Murray Hill, New Jersey 07974. Received March 4, 1985

ABSTRACT: Applying the experimental dielectric relaxation spectrum of amorphous poly(vinyl acetate)
in the form of Dirac §'s over 6 decades of time to the basic nonlinear differential equation for the thermodynamic
recovery process accurately reproduced volume relaxation data. Experimental dielectric relaxation time follows
the Vogel-Fulcher (or WLF) equation, as is well-known. The thermodynamic recovery time from volume
data® was found to be precisely equal to the dielectric relaxation time near T, but at lower temperatures to
diverge from the extrapolation of the dielectric data. The recovery time will depend on the fictive temperature
following the same Vogel formula rather than Narayanaswamy’s formula, but its temperature dependence
follows the Arrhenius formula. The shift of the relaxation time with aging was calculated from the equations
thus evaluated and was shown to agree with viscoelastic and dielectric data, clearly showing that this relaxation
time should not be confused with the “effective”  obtained from the overall rate of thermodynamic recovery.
These phenomena are common to polymers and nonpolymers, since both poly(vinyl acetate) and glucose were
found to exhibit all of the physical properties that are essential to the behavior studied.

The physics of slow relaxation processes in glass-forming
liquids continue to interest many workers. Substantial
progress has been made on the phenomenological under-
standing of the thermodynamic recovery process due no-
tably to the work of Moynihan and co-workers,'® and
Kovacs and co-workers,*® through the introduction of the
distribution of relaxation times superimposed on the
nonlinear dependence of relaxation time on the change of
the structure. Their fundamental differential equations
are essentially the same nonlinear equation with distrib-
uted order parameters. Moynihan (M model) invoked the
Kohlrausch-Williams-Watts relaxation function,® while
Kovacs, Aklonis, Hutchinson, and Ramos* (KAHR model)
used a double box-shaped distribution of relaxation times.
The variations in density fluctuations at various stages of
recovery were implied in the solution of the differential
equation, but the relaxation spectrum was assumed to
remain unchanged throughout the recovery process. Both,
as well as others who have studied similar problems ex-
tensively,”® utilized the formula of Tool!° or Narayana-
swamy'! for the temperature and structure dependence of
the relaxation spectrum, which is reduced to an Arrhenius
type dependence with an extremely large activation energy

tPermanent address: The University College of Wales, Abery-
stwyth, Dyfed SY23 1NE, United Kingdom.

!Permanent address: The Institute of Physics and Chemical
Research, 2-1, Hirosawa, Wako-shi, Saitama 351, Japan.

along the equilibrium liquidus line.

A bothersome question remains still unresolved with
respect to the relationship between the dielectric or vis-
coelastic relaxation time and the volume or enthalpy re-
laxation (recovery) time extrapolated to equilibrium.
Kovacs, Stratton, and Ferry!? have shown that the vis-
coelastic and volumetric data near T, do not coincide with
the curve calculated from data obtained at higher tem-
peratures. Sasabe and Moynihan? have also shown that
the extrapolation of dielectric data from high temperature
does not coincide with the enthalpic data near 7,. Yet the
work presented here will show that the basic distribution
of the recovery times can be assumed to be essentially the
same as the relaxation spectrum and, moreover, that the
relaxation and the recovery times do coincide near the glass
temperature. Indeed, if there were no relationship at all
between the two relaxation processes, it would be even
more difficult to explain some of the empirical links that
seem to exist between the two processes.

In this work we have applied the experimental dielectric
spectrum as the order parameters to the essentially same
basic differential equation used by all these workers. Our
model has an advantage to allow for adding a number of
possible variations. In the process we have learned that
the Arrhenius type structure term in Narayanaswamy’s
equation should be replaced by the Vogel type formula.!?
Since in our study each order parameter can be traced
during the aging (recovery) process, we were also able to

0024-9297/85/2218-2652$01.50/0 © 1985 American Chemical Society
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show that the characteristic relaxation time should not be
confused with 7. with respect to their dependence on the
temperature, structure, and history.

Differential Equation for the Relaxation Process

The relaxation process may be described as a time-de-
pendent process for a system to return from a perturbed
state to the equilibrium state. The differential equation
for the rate of relaxation at a constant temperature is

~ds/dt = 5/7 1)

where 6 is the deviation from equilibrium of the stress,
enthalpy, volume, etc. For example, é = (v - v.)/v.., where
v is the specific volume in the nonequilibrium state and
U, is that in the equilibrium state. In the simplest case
where the deviation is small enough to have a negligible
effect on the magnitude of the relaxation time, 7, as in
dielectric relaxation, and where, moreover, the relaxation
process is controlled by a single rate constant, 1/7, such
as with dipole orientation in some hydrogen-bonded li-
quids, the above differential equation is linear and the
solution of this one-parameter differential equation in
response to a step type perturbation is simply

8(t) = 8, exp(~t/7) (2)

The assumption of the linearity is valid only in the case
with very small perturbation. It is generally expected that
the deviation, 6, will affect the relaxation time, and the
differential equation will therefore be nonlinear. Similarly,
the assumption of the single relaxation time is not valid
with most liquids near T,.

In Figure 1, four calculated volume recovery curves are
shown for poly(vinyl acetate) following a sudden change
in temperature from various initial temperatures to the
final temperature of 35 °C. The calculation is based on
the procedure to be described subsequently. The purpose
of showing these curves, which are in agreement with the
experimental data,* is to show a distinction between linear
and nonlinear responses, which depend on both the mag-
nitude and the sign of the temperature jump. For the
jump of £1 °C, the response curves are almost symmetrical
against the abscissa, and this feature denotes the validity
of assuming the linear differential equation. Their flat
shape is almost totally the reflection of the distribution
of the relaxation times.
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Figure 2. Dielectric loss factor (3) for poly(vinyl acetate) at 50

°C normalized along the logarithmic frequency scale is reproduced

by the sum of the Dirac § (0) x[wr/(1 + w?r})]. Solid line is that

calculated from the sum of the individual processes indicated in

the figure.

When the relaxation process is controlled by a multiple
number of rate constants, 1/7; but the deviation, §, is still
small enough that it does not significantly affect the
magnitude of each relaxation time, i.e., linear, the overall
rate of relaxation can be considered as the sum of the
individual relaxation processes superimposed on each other
with the weighting factor G; for each 7; such that

ds ds;

T = TGy = TGa/m @)
where G, is normalized to result in "G, = 1. The quantity
8; can be defined as §; = (v; - v;..) /v;., Where v; is the specific
volume of the ith element and v,,, is its equilibrium value.
There is no reason to assume that all v;.’s must be equal.
In fact, since each element is assumed to exhibit a different
relaxation time, 7, each v;. may be considered to be dif-
ferent from v;., in general. Thus in this work § = 3_G§;
and not § = 3_§; as defined by other workers.%’

In Figure 2, the dielectric loss factor for poly(vinyl
acetate) is shown vs. the logarithmic frequency scaled so
that its peak coincides with the frequency of 1 rad/s. A
set of 12 Dirac §’s with proper weighting factor G;'s were
evaluated so that the sum according to the equation shown
below will precisely reproduce the loss factor, ¢”, vs. fre-
quency data

' (w) = ZGini/(l + w?7?) 4)

Moynihan et al. (M model) did not use the differential
equation such as eq 3 directly. Instead, they worked with
the solutions of the differential equation in response to
specific temperature histories. The solution of the linear
differential equation for 8(¢) in response to the step type
perturbation, according to the M model, is made to con-
form to the Kohlrausch-Williams-Watts formula®

8(t) = Gy exp{—(t/70)"} (5a)

where 7, is the characteristic relaxation time and § is an
empirical parameter whose value is usually about 0.5.
These authors assumed that the distribution of relaxation
times should remain unchanged; therefore 8 is constant,
and 7, and all types of “mean” relaxation time, 7,,, will
maintain a simple relationship, 7/ 7,, = constant.
With models that deal directly with a fixed relaxation
spectrum, such as the KAHR model and our model, the
characteristic relaxation time can be taken to mean any
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relaxation time whose magnitude with respect to the rest
of the spectrum is fixed. In our model we have chosen the
relaxation time, 7,,,, that corresponds to the dielectric loss
maximum as the characteristic relaxation time. This
characteristic relaxation time is proportional to the mean
T defined as In 7,, = 3G, In 7;, and the shift of the entire
spectrum of relaxation times can be specified by the shift
in either r,, or 7, The shape of the distribution of
relaxation times shown in Figure 2 is common to many
polymeric and nonpolymeric materials near the primary
glass transition, and it is well-known® that the relaxation
function, ¢(t), can be approximated by the formula

o(t) = G, exp(-t /) = G, expi~(t/7)?}  (5b)

Our data can be shown to fit well with 8 = 0.42, with log
7o in eq 5a equal to log 7., + 0.5.

For the jump of 25 °C, the response curves in Figure
1 are seen as highly asymmetrical against the abscissa,
clearly indicating the dependence of = on & such that the
linearity cannot be assumed. The nonlinearity is the
manifestation of the difference in the initial relaxation time
when starting from above as compared to from below the
final temperature. Thus the structural dependence of the
rate of relaxation must be included in the formulation.
The M model again does not directly evaluate the differ-
ential equation but incorporates the relaxation function,
#(t) (which is essentially 6(¢) in response to the step-type
perturbation) of the form

o(6) = exp[-( fat/m(7)] (50)

and 74(t) in turn to depend on the temperature and the
structural parameter called the fictive temperature in the
manner to be discussed in the following section. With the
KAHR model as well as our model, the entire spectrum
of relaxation times is shifted without change in its shape
in accordance with the change in the temperature and the
fictive temperature.

It is sometimes convenient to invoke a structural pa-
rameter known as the fictive temperature, T}, which is an
extensive thermodynamic quantity in spite of its name. It
is defined as the temperature at which the volume/en-
thalpy/entropy of a glass having had a particular ther-
modynamic history and therefore presumably possessing
a unique structure (though this point will be shown to be
questionable) intersects the equilibrium liquidus line.
Thus the fictive temperature is related to § by the formula

0= Aa(Tf—- D (6)

where Aa is the difference in thermal expansion coeffi-
cients, the specific heats, or the specific heats divided by
the temperature between the liquid and the glass if § is
for the volume, enthalpy, or entropy, respectively.

One conclusive piece of evidence that a single relaxation
time model is bound to fail is Kovacs's data on the so-
called memory effect.> As shown in the schematic vol-
ume-temperature curve in Figure 3, the experiment is
started in equilibrium at point G at a high temperature,
followed by a sudden change to point A; thereupon the
volume begins to decrease. Point B is reached after waiting
for a proper period of time; the temperature is now sud-
denly increased to point E, which has been, by design,
calculated to be precisely on the equilibrium liquidus line.
Kovacs’ data showed, as well-known to the workers in this
field, that the volume first increases away from the
equilibrium point E toward point F, and after going
through a maximum, drifts back toward the original
equilibrium point E. The last part of this excursion in
volume vs. time always coincides with the volume relaxa-
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Figure 3. Schematic diagram for the volume vs. temperature
near glass transition.

tion upon simple quenching from G to F followed by re-
laxation to E. The magnitude of the excursion was found
to increase for the greater initial temperature difference
from G to A. Both models that have been cited above are
similar in assuming that the distribution of relaxation
times is responsible for this effect, namely, that the com-
ponents with longer relaxation times will undergo the
volume change more slowly and the components with
shorter relaxation times will undergo the volume change
more quickly. Summing up all of these components will
obtain the total volume, meaning that the same volume
and the same average fictive temperature do not neces-
sarily mean the identical state. In their movement from
point A to B, the faster-moving components have passed
B, while the slower components have not reached there yet.
Bringing this state suddenly to E will result in the fast-
moving components below the point B rising while the
slow-moving components continue their densification. The
volume change in the early stage after E is reached is
dominated by the increase of the fast components, but
after a while the fast-moving components will have reached
the equilibrium value at E one by one while the slower-
moving components still continue their descent toward E,
and thus the overall volume after reaching the maximum
will follow the isothermal contraction curve that followed
a simple quench from T, to T. Moynihan! is the first to
formulate such a model, utilizing the Kohlrausch-Wil-
liams-Watts type continuous distribution function for the
relaxation times such that at the time when the temper-
ature was changed from B to E the integral is split into
the portion that continues to decrease (the longer relaxa-
tion times) and the portion that reverses direction toward
the new equilibrium value at the new temperature.

With our model, ¢ is divided into components §;, such
that 6 = 3.G,6;, and the rate of relaxation for each §; is
assumed to be controlled by the corresponding relaxation
time, T

-dé;/dt = 6,/ (7)
and 7, is calculated from the characteristic relaxation time,

70, by assuming that the distribution of relaxation times
remains the same at all times

T, & a7y (8)

where g; is a constant independent of T, T}, ¢, 7, etc., and
75 can be set equal to average 7,,. Since 7, and r,, are
interchangeably used, we simply designated both as 7 here.
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Equation 8 suggests that the change in §; with time is
coupled to the overall 5. We have actually examined and
found that if individual é; are assumed to shift independ-
ently with their own 7; uncoupled, the calculated recovery
results would not agree with Kovacs’ data.* 7 is uniquely
determined by the overall deviation, &

1 = f(T,8,79,) 9)

where 7, is 7 in the equilibrium state at a reference tem-
perature; the function f(T,6,7,,) suggests the existence of
a unique relationship between 7 and the fictive tempera-
ture, T, since 6 is uniquely related to T as will be shown
below. Thus the shift in relaxation times with aging can
be specified by one order parameter, even though the
values of §; are changing further and further apart from
each other during aging. 1/ is not equal to (-dé/d¢)/é,
though 1/7 is clearly proportional to > (1/7;) in order to
be consistent with eq 8 and the rate of change for §;, or
(-ds;/dt)/é;, is always equal to 1/7; by eq 7. In turn, each
; is not equal to f(T,6;,7o,) unlike the relationship that
exists for 7 with 6 in eq 9. Each 7, is calculated from =
according to eq 8, and 7 is obtained from § and & from the
weighted sum of §,.

A simple example with a quenching experiment may be
used to further clarify the physical significance of the
calculation steps. Initially at equilibrium at T}, 6 = 0 and
all §; are also zero. After a sudden cooling, the slow- and
the fast-recovering components initially assume the same
value for the deviation from the equilibrium; i.e., §; = 6;
= §. With the passing of time, however, the slow compo-
nent, e.g., §;, with a long relaxation time, r; (which is also
changing with time), decreases much more slowly than the
fast-recovering component, e.g., 85, with the short relaxa-
tion time, 7. Thus the difference between 8, and 84 con-
tinues to widen until &, reaches 0 at the new equilibrium.
Meanwhile, the ratio of r; to 7 is maintained as constant.
Thus the slow and fast density fluctuations become more
widely separated in the nonequilibrium state, while the
spread of correlation times is kept constant, the density
of the slower component remains low, and the density of
the faster component rapidly becomes higher. Moynihan’s
model, which assumes the parameter 8 to be constant, is
equivalent to assuming a constant spread of discrete In 7;
such as with the KAHR model.

Computational Procedure

A very short and simple program suitable for a personal
computer has been constructed. The steps are shown as
follows:

10 Enter the data of the distribution of relaxation times,
G(j) and 7(j), of Figure 2. (G()) values need not be
normalized to meet Y G(j) = 1.)

20 Initial temperature T is changed to the new tempera-
ture T, whereupon the time begins to increase by the
increment of A log ¢t.

30 Initial fictive temperature T} is set equal to T, and 6
is calculated from eq 6.

40 Initial individual 6(j)’s are all same, being equal to é.

50 Calculate log 7., which depends on T and T according
to the function that will be discussed in the following
section.

60 Calculate log 7(j) for each individual Dirac 6 (G(j), 7(j))
by the same spread in 7(j)/7 as in the original distri-
bution; cf. eq 8.

70 Calculate each new &(j) by changing it by the increment
obtained from the difference equation, equivalent to the
nonlinear version of the differential equation, eq 6, or

45() = (-8()NL - exp(At/7(j))} (10)

80 Calculate new 6 = X G()é(j)/ X G(j) and new T from
eq 6.

Dielectric Relaxation and Thermodynamic Recovery 2655

90 4 is plotted vs. log ¢; Alog ¢ is added to log ¢t and now
go back to 50 and repeat. The above program also can
be applied to the constant rate of change in temperature,
instead of the constant temperature, to calculate the
differential scanning calorimetry-type plot. In this case
the increment Alog ¢ is replaced by AT, and At in eq
10 by AT/heating or cooling rate.

In case of the memory effect, the computation is begun
initially by quenching from T at G to T at A in Figure
3. When T; reaches T at E, the computation is halted,
individual T¢(;j)’s are printed out, and the new computation
begins with those nonuniform T(j)’s as the initial values
at the new temperature at E.

Before we decided on the above program as our final
choice, many alternative models were tried. Among the
models that were tried but failed to fit the data was a
model in which each new 7(j) was calculated from the
current values of T and &(j) by using the master equation
for 7(T,Ts) to be presented in the next section; i.e., the
distribution of relaxation times is allowed to change. This
trial model is equivalent to assuming that there is no
coupling among the fluctuations, &(j). This is found to be
computationally unrealistic because the fast element, §(j),
must pass the adjacent slower element, 6(j — 1), as time
passes, and the portion of the spectrum with the initially
shortest relaxation time can end up having the longest
relaxation time. Another model was tried that assumed
that there would be a distribution of fictive temperatures
T¢(j) at equilibrium according to the same master equation
for 7(T,Ty). This works well provided that all 7(j)’s at the
new temperature are forced to conform to the same dis-
tribution; this implies that the same distribution of re-
laxation times is reestablished at each increment of time
much faster than the time required for the shift of the
overall average relaxation time, r, to take place.

In summary, it was found that the distribution of re-
laxation times can be kept constant but the distribution
of density fluctuations will change. The correlation be-
tween each component of the density fluctuation 6(j) and
its corresponding relaxation time 7(j) therefore does not
follow the functional relationship that exists between the
overall density and the overall relaxation time, 7.

Temperature and Structural Dependence of the
Relaxation Time

Sasabe and Moynihan? as well as Kovacs, Stratton, and
Ferry'? have shown that the apparent activation energy
for the volumetric relaxation process near 7, is significantly
greater than the apparent activation energy estimated from
dielectric or viscoelastic relaxation data obtained at higher
temperatures by, e.g., the Vogel-Fulcher formula.!?
Though it is difficult to identify a single “average” relax-
ation time for the distributed spectrum and the difficulty
is compounded because of the limited range of temperature
where the volume relaxation data can be obtained accu-
rately and meaningfully, the magnitudes of these apparent
activation energies are significantly different beyond the
experimental or other margins of error.

The temperature dependence of the relaxation time in
the equilibrium state may be interpreted in terms of a
thermally activated process, but it may also be interpreted
as arising indirectly through the change in structure that
depends on the temperature. From the data taken only
at equilibrium, there is no way of knowing how much or
what fraction of it can be attributed to the former and the
rest to the latter, even if such a simple division can be
justified. Tool’s'® or Narayanaswamy’s'! equation exactly
represents such a scheme, for example by dividing the
Arrhenius equation into the temperature- and structure-
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Figure 4. Isothermal contraction data of Kovacs, ref 5, repro-
duced by eq 14, using the same parameters cited in Figure 1.

dependent parts, the latter expressed in terms of the fictive
temperature, T

H H

In 7 C+xRT+(1 x)RTf (11)
where x is an adjustable parameter. At equilibrium on the
liquidus line, T = T and the equation is reduced to the
simple Arrhenius relationship. Although this equation has
been used by many authors,*78 we find that a better fit
to Kovacs’s volume recovery data is obtained if (1 - x)H
in eq 11 is allowed to increase with decreasing T, which
is the characteristic of the Vogel-Fulcher formula., Re-
placement of the third term in eq 11 by the Vogel-Fulcher
expression yields

R(T; - T,)

which is used to fit the recovery data, where C(T) is an
adjustable parameter for the temperature to be discussed
subsequently. The values of 3.70 keal mol™! for H, and
257.56 K for T, gave the best fit for one of the poly(vinyl
acetate) samples studied by Kovacs,? as shown in Figure
4. Significantly, the equilibrium value for rat Ty = T =
35 °C lies exactly on the curve plotted for dielectric 7.,
as shown in Figure 5a. The dielectric data shown were
obtained on a special poly(vinyl acetate) sample that had
been heated to 150 °C in vacuo. Also significantly, the
values of the Vogel-Fulcher parameters, H, and T,, for
T; only, turned out to be equal to those for the dielectric
relaxation time for the loss maximum, as shown by the
open square points in Figure 5a. Thus the relaxation time
for recovery curves extrapolated to the equilibrium, T; =
T, would have given a perfect fit to the dielectric relaxation
time for the loss maximum if C(T) in eq 12 were inde-
pendent of temperature. However, C(T) does depend on
temperature; i.e., the recovery curves such as in Figure 4
must be shifted along the log ¢t axis with different tem-
peratures. The best fit for the temperature shift is ob-
tained when C/(T) is of the Arrhenius type, H,/RT, with
H, = 56 kcal mol™.. Thus the final formula for the recovery
time is given by the equation

1 C+ s i

nrt RT+R(Tf_T2) (13)
which has the form of the equation proposed by Macedo
and Litovitz.?® The parameters for this formula were now
evaluated from the data on the extensively analyzed

Inr=C+C(T) + (12)
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Figure 5. Logarithmic relaxation time vs. 1/ T (K) for poly(vinyl
acetate), PVA-II of ref 5 samples: (O) our dielectric log 7. (@)
log 7 Obtained by shift of spectrometer data; (*) log 7, obtained
from volume data of Kovacs (ref 5) using eq 14; (0) log 7, from
eq 15, which includes only 7} dependence. Logarithmic relaxation
time vs. 1/T (K) for poly(vinyl acetate), Moynihan et al. (ref 2):
(0) dielectric data (ref 18); (*) log 7, from enthalpic data (ref 2);
(Q) log 7, from T dependence only (ref 2).

poly(vinyl acetate), PVA-II, by Kovacs,? and the following
values were obtained for the equation

Inr= [h‘l T]T1 + HR/R(l/T— I/Tl) +
HW/R {1/(Tf - T2) - 1/(T1 - TZ)} (14)

where T; = 309 K, and [log 7]5, = -0.6 in units of hours.
The differential equation for the rate of densification was
evaluated with the computer program described earlier,
using the value A = 3.71 X 10™* K™,

The equilibrium values obtained by setting Ty = T in
the above formula are plotted by the [*] in Figure 5a. The
line is a plot obtained from the Vogel-Fulcher term only,
by letting T, = T

In7¢=[In 7]y, + Hy/R{L/(T - Ty) - 1/(Ty - Ty} (15)

This curve traces our own experimental dielectric data
represented by open circles that were obtained on a
poly(vinyl acetate) sample that was vigorously vacuum-
dried at 150 °C and slowly cooled, resulting in about 2%
total weight loss. Thus the T term of the recovery time
lies exactly on the dielectric relaxation curve. A similar
plot was made for comparing the enthalpic data obtained
by Sasabe and Moynihan,? and the dielectric data by
Magshimo et al.,’® shown as [*] and [O], respectively. When
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Figure 6. Spread of relaxation spectrum, which increases at lower
temperature, ref 18.

T, = 50 °C is chosen, the Vogel-Fulcher term in eq 9
" indicated by the solid curve again matches their dielectric
data exactly. Their data for the fictive temperature, when
the inverse of the cooling rate is taken to be equal to the
average relaxation time, fits well with this term also, as
shown by [O].

The idea of two different formulas below and above the
seemingly arbitrary temperature of T} is not pleasing, yet
both Moynihan? and Kovacs et al.? had come to a similar
conclusion. Before dismissing the Vogel-Fulcher equation
simply as an empirical expression that failed near T, we
should recall that the values of 7, were evaluated from the
kinetic data by extrapolating to the equilibrium condition,
T; = T and that the extrapolation was carried out assuming
a constant distribution of relaxation times. If the distri-
bution of relaxation times should change systematically
with the temperature, then the characteristic relaxation
time calculated on the basis of a given distribution may
have to be corrected at different temperatures. The vis-
coelastic relaxation spectrum below T, has been found by
Matsuoka et al®* (1) to shift durmg isothermal aging
without changing the shape of the distribution, but (2) to
change to progressively broader distributions at lower
temperatures exhibiting smaller and smaller values of 8
for the Kohlrausch-Williams—Watts (KWW) parameter.®
Item 1 is true only if all relaxing elements are aging at
different rates but the distribution for such rates remains
constant; this phenomenon is consistent with the model.
The broader distribution at the lower temperature in item
2, on the other hand, is a reflection of the broader spread
in §; during recovery, but the temperature-dependent
breadth of the relaxation spectrum is not incorporated in
the model, and the Arrhenius term in eq 13 may very well
be needed to compensate for this.

In his model for the kinetics of structural relaxation,
Brawer!® has suggested that there is a rate-controlling
fluctuation whose energy and structure determines the
apparent free energy of activation. Another theory, re-
cently proposed by Fredrickson and Andersen,!” is based
on the kinetics of an Ising model with restricted spin flips.
These two theories tie together the increase of the apparent
activation energy and the broadened relaxation times to
the higher degree of cooperativity of structural relaxation
at lower temperatures. In agreement with these two the-
ories, the relaxation spectrum of poly(vinyl acetate) along
the liquidus line in Figure 5b is broader at lower tem-
peratures, as can be observed in Figure 6, whereas the
broadening was barely observable for our sample.
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Figure 7. The rate constant log (d In é/d¢) (—) and the relaxation
time —10g 7y (—=—) v8. 8 = (U - v.,) /v, were calculated; the former
is in good agreement with Kovacs’ data® and the latter will be
shown to agree with our dielectric and viscoelastic data. 7. is
not the same as 7,,,,.

The fact that the fictive temperature term in eq 13
matches exactly the equilibrium dielectric curve is in
support of a generalized Adams—Gibbs!® and Gibbs-Di-
Marzio!® type model for the glass transition (which should
not be restricted to polymers). Theories invoking free
volume, such as one by Robertson, Simha, and Curro,? as
well as Doolittle?! and Turnbull and Cohen,? all lead also
to the fictive temperature dependence, H/R(T; — T),).
Phillips has pointed out® that the Vogel-Fulcher type
dependence really reflects the entropy as the criterion.

Another important feature of eq 13 is the functional
relationship between the relaxation time and 7; and
therefore 6. An arbitrary form for the § dependence of 7,
such as

InT=C+~é (16)

where « is an empirical constant® and should be consid-
ered as an approximation when § is kept small. A more
general and appropriate formula would be a free volume
formula such as a special Vogel-Fulcher formula in T}

Inr=C+ H/R[6/Aa + (T - Ty)] (17)

where the quantity [6/Aa + (T — T,)] is really a temper-
ature-independent quantity, since it is equal to Ty — T,

Shift of Relaxation Spectrum during Aging

It is particularly desirable from an application viewpoint
to know how the relaxation spectrum is shifted during
thermodynamic aging. The solid curves in Figure 7 are
the plots for the calculated (-log 7.g), or the logarithmic
rate of the volume change, log (-d ln 6/d¢t), vs. 6, which
agrees well with Kovacs’s data.> This quantity is not (-log
Tmag), DUt it is nearly equal to the sum of all the rate
constants for the individual §;s. The true 7,,, is the re-
laxation time corresponding to the Dirac § at the loss
maximum, or (G, 7,) in this case, as shown in Figure 2.
—log 7, or ~log 7.y, is plotted with dotted lines in Figure
7 for comparison. The shift of relaxation spectrum must
follow 7, and not 7.4 Since 7 is a unique function of the
temperature and 6 (or T), 7 from the positive side of §
meets with 7 from the negative side of é at the center where
8 = 0. The plot of —log 7 vs. § follows the one-parameter
equation, which can be obtained by combining eq 13 and
17. Since the distribution of relaxation times is assumed
to be unchanged at all times in the calculation, each in-
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Figure 8. log 7,,, vs. elapsed annealing (aging) time, following
the quench from 50 °C to the temperature as indicated. Calcu-
lated for poly(vinyl acetate), PVA-II (ref 5).

dividual Dirac 6, (G;, 7)), also shifts in parallel with the
main 7. The continuous shift of r (and 7) slows down
when the fast-moving é;s reach equilibrium, but until then
7 (and the rest of 7;5) is thus a fairly well-behaved function
of time, as shown in Figure 8. The lines for T' = 0, 10,
and 20 °C are nearly straight, with the slope of d(In 7)/d(In
t) =0.9. This slope can be shown to be ~1 for a one-pa-
rameter model. At constant temperature, from eq 13 we
can derive

7=r1oexp(l/(6 + &) (18)

where ¢ = Aa(T — T,) is a constant at a given temperature
T. This is equivalent to the WLF equation. Since dé/dt
= —§ /7 for the one-parameter model, differentiating r with
respect to ¢ will obtain

dr/dt =6/(5 + ¢)? (19)

If we now assume 7/t = §/(8 + ¢)% then, the above con-
dition will be met because it can be shown that

dr/dt = r/t(L + 2066+ &)) ~1 ~ 5/(5 + ¢)*

when 6 « 1 and 6 + € « 1. Thus we obtain that
dlnr/dInt =1 (20)

namely the slope of nearly unity is predicted for the plot
of log = vs. log ¢ if a one-parameter model can be used,
except when near the equilibrium or initially if 7 is too
large as compared with ¢t. If the distribution of the re-
laxation times is taken in consideration, the slope would
be less than unity. As the equilibrium is approached, 7
stops increasing so the slope, d In v/d In ¢, will decrease,
as shown by the curve for T = 30 °C in Figure 8. At very
low temperatures, depending on the thermal history, the
initial relaxation time can be too great for § to be able to
change significantly for some time. After time of the order
of r/100, (1/6 ~ 40), § begins to change significantly. If
it was quenched from the higher temperature, the initial
relaxation time would have been shorter and the increase
in 7 would have begun earlier.

Perhaps more germaine to the practical application is
the case of heating an initially quenched glass to an ele-
vated temperature that is still below 7, This is the com-
monly practiced annealing process. The time dependence
of the growing relaxation time for such a case is shown in
Figure 9. Here PVA-II was first quenched from 50 to 10
°C, kept for the specified time, and then suddenly brought
to the final temperature as specified. The momentary dip
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Figure 10. The logarithmic dielectric relaxation time (normalized
as shift factor) increases linearly with the logarithmic time of
annealing. Poly(vinyl acetate), PVA-IIL

in the curves for T = 20 °C is a reflection of the high initial
value of T} in the quenched sample. These curves were
calculated for 7, at loss maximum, or 7,, but each Dirac
6 (Gj, 7;) also moves in parallel with the 7 curves shown.
Thus, by observing the high-frequency end of the spec-
trum, it is possible to estimate the movement of the entire
spectrum. The central relaxation time in the glassy state
is much too long to be observed by the dielectric mea-
surement, since it is in the order of hours to 100 years as
shown. However, since the shorter time end of the spec-
trum is about 3 decades removed from 7, it is possible to
observe the change of 7; with the Fourier transform di-
electric spectrometer by recording the shift of the charge
decay curve with the elapsed time. The experimental shift
factor thus obtained at 30 and 35 °C are shown in Figure
10. The curve obtained at 30 °C is a straight line with
a slope of nearly unity. It reaches the equilibrium at log
t of about 2.5 (300 h). The curves labeled 30 °C in both
Figures 8 and 9 reach the equilibrium at about log ¢ of 2.5
also. Another interesting result found in Figure 7 is that
the dotted line for log r at T = 30 °C reaches § = 0
(equilibrium) at the value of log = = 2.5 (h). In the same
Figure 7, it is noted that the dotted line for T = 35 °C
intersects § = 0 at log 7 = 0. Going back to the experi-
mental data of Figure 10, we note that the data taken at
35 °C reaches equilibrium also at about log t = 0. Going
back to Figure 9, we see that for the average relaxation
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Figure 11. Stress—strain curves of four rigid poly(vinyl chloride)
samples having undergone different thermal histories were
strained at strain rates proportional to the time of annealing.

time to increase the value from 160 to 250 h at 30 °C, it
takes about a year, meaning that the density fluctuations
with the longer relaxation times would almost never come
to the equilibrium state at this temperature. At 20 °C, the
relaxation time continues to increase after 10* h or 1.14
years, with no signs of even nearing the equilibrium value.

The simple rule introduced here on the relationship
between the shift of the relaxation spectrum and the time
of annealing at an elevated temperature but below T,
should prove useful in predicting the effect of annealing
on viscoelastic behavior of glassy polymers. Four stress
strain curves at 23 °C for glassy poly(vinyl chloride) are
shown in Figure 11, where among three of the four curves
the product of the time spent on aging at 60 °C and the
rate of strain are deliberately chosen to be the same. They
all superimpose on each other. The fourth curve is for the
as-molded sample, and its equivalent thermal history ought
to be 0.1 h at 60 °C, since at the rate 10 times faster than
the 1 h sample it too superimposed on the rest of the
curves. Another way to show the equivalence of A log =
and A log ¢t would be to plot the yield stress, which in-
creases with annealing time and with the strain rate, as
shown in Figure 12. All curves are parallel with the same
slope, n, which, incidentally, can be shown to relate to the
Kohlrausch-Williams-Watts parameter by the relationship

n= 6(é7'av)‘6 (21)

by taking the derivative of log ¢(t) in eq 5b with respect
to log t.

Most creep and relaxation experiments on glassy poly-
mers are conducted in the nonequilibrium quenched state,
and therefore the result is a combination of the two op-
posing time-dependent behaviors; the modulus is reduced
with time but with aging its rate of relaxation is slowed.
Again, with the use of the simple rule, it is possible to
predict the relaxation curve where the aging process is
taking place simultaneously.!?

Memory Effect

Equation 13 with the parameters as described repro-
duces the volumetric memory effect data quantitatively,
as shown in Figure 13. However, the time for T to reach
T¢ = 30 °C at 10 °C was found to be about an order of
magnitude longer than the value published by Kovacs if
H, = 56 kcal mol™ was used. This meant that in this case
only, the activation energy, H,, for the Arrhenius term had
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Figure 13. Memory effect, calculated for certain thermal histories
that give a good representation for data by Kovacs for poly(vinyl
acetate), PVA-IL* 40 — 10 (281 h) — 30 °C means the following:
quenched from 40 to 10 °C, kept at 10 °C for 281 h, heated to
30 °C, and data taken at this instant as time zero.

to be 38 keal mol™ instead of 56 kcal mol™ used elsewhere.
If the temperature dependence of the distribution of re-
laxation times is in fact responsible for the H,/RT term,
then this Arrhenius form is also an approximation good
only for a limited temperature range. The curves of § vs.
log ¢ in Figure 13 were unaffected by the choice of values
for H,. The log 7 vs. log t plot would show the mirror
image of volume data aginst the abscissa, exhibiting the
minimum 7 at the time where the maximum in & appeared.
The dielectric relaxation spectrum was experimentally
observed to shift accordingly, as shown by the plot of the
negative log 7 vs. log time in Figure 14. In Table I, the
fluctuations at the end of the period following initial
quench to a low temperature before backing up (Point B
in Figure 3) to 30 °C were calculated and tabulated. In-
stead of §, the calculated volume fluctuation was expressed
in terms of the individual fictive temperatures to em-
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Table I
State of Poly(vinyl acetate) Quenched from 40 °C
conditions
As Bb Ce
J log 7o(/) G() Te(j) log 7(j) T(7) log 7(j) Te(j) log 7())
1 1.5 0.04 39.9 5.28 39.8 4.82 39.6 3.92
2 1 0.16 39.6 4,78 39.5 4.32 38.7 3.42
3 0.5 0.50 38.7 4,28 38.3 3.82 36.2 2.92
4 0 1.06 36.2 3.78 35.1 3.32 30.9 2.42
5 -0.5 0.50 29.5 3.28 27.5 2.82 25.8 1.92
6 -1 0.30 17.6 2.78 17.8 2.32 25.0 1.42
7 -1.5 0.18 10.4 2,28 15.0 1.82 25.0 0.92
8 2 0.08 10.0 1.88 15.0 1.32 25.0 0.42
9 -2.5 0.08 10.0 1.28 15.0 0.82 25.0 -0.08
10 -3 0.05 10.0 0.78 15.0 0.32 25.0 -0.57
11 -3.5 0.04 10.0 0.28 15.0 -0.18 25.0 -1.08
12 —4 0.02 10.0 -0.22 15.0 -0.68 25.0 -1.58

¢Quenched at 10 °C, and kept for 281 (160*) h. Avg T; = 29.96 °C; avg log r = 2.095. ®Quenched at 15 °C and kept for 141 (140*) h. Avg
Ty = 29.96 °C; avg log 7 = 2.092. ‘Quenched at 25 °C and kept for 79 (90*) h. Avg T; = 29.95 °C; avg log 7 = 2.097.
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Figure 14. The dielectric relaxation time shifts to the shorter
time initially and then toward the longer time as the thermal
history for the memory effect in ref 4 is repeated. Poly(vinyl
acetate).

phasize the physical significance for the spread. The object
of the first step in quenching from 40 to 10, 15, or 25 °C
was to bring the average volume to the level such that upon
heating back to 30 °C it would exhibit the equilibrium
volume at 30 °C. This meant that at the end of the initial
quench, the average fictive temperature had to be 30 °C,
which indeed is achieved. However, the distributions of
fluctuations are very much at variance, as indicated by the
values of T¢(j), which are the measures of the individual
specific volume, but which does not correlate with indi-
vidual 7(j)s. Thus, the domains with an unusually small
density could exhibit a very long relaxation time, as noted
by the related values for j = 1 or 2; in fact the largest
“spike” at 7,,, (j = 4) was less dense than the average
density but at the same time exhibited a longer relaxation
time than the average relaxation time, 7. The extreme
cases of this type of slow fluctuations may behave as
“holes” whose dynamic properties are so sluggish that they
can be considered as not participating in the overall re-
laxation and diffusion processes,’? and they may well
contribute toward the unusual diffusion or cluster for-
mation behavior of permeating gas and vapor molecules
as suggested by Hopfenberg and co-workers.?

The excursion of the relaxation spectrum during the
memory effect experiment first toward the short time and
then back toward the long time is reflected in the ap-
pearance of the maximum in the dielectric loss tan é with
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Figure 15. Dielectric tan 6 vs. aging time for polystyrene re-
peating the memory effect history of ref 4 and 5.

the time of aging, as shown for polystyrene in Figure 15.
The sample history for these curves is duplicated from
Kovacs’s volumetric data and agreements on the time to
reach maxima in volume and tan § are found to be good.

Constant Rate of Heating

The differential equation, eq 3, can be made general by
adding the heating rate term, [86/8T)7, dT/dt.* Con-
ditions involving the constant cooling/heating rates, rather
than isothermal conditions, are particularly of interest
because of the popularity of the technique with the dif-
ferential scanning calorimetry. Sasabe and Moynihan?
compared their data of this type with the dielectric re-
laxation time. Hodge and co-workers®® have recently
published several articles involving this type of analysis.
Kovacs, Aklonis, Hutchison, and Ramos* applied their
model to produce the curves for the thermal expansion
coefficient vs. temperature and demonstrated that the
calculated data revealed the usual features of aging/an-
nealing found in C, vs. T data.

Our computer program can be used for the case for the
constant heating/cooling rate. The temperature depen-
dences of the thermal expansion coefficient for the samples
that were quenched from 40 to 29 °C then aged for 1073,
1, and 5 h were calculated and are shown in Figure 16.
The calculated relative integrated areas and the temper-
atures for the peaks agree well with the differential scan-
ning calorimetry data of Bair,? although the calculated
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Figure 16. d§/dT vs. T. calculated for poly(vinyl acetate),
PVA-II, initially quenched from 40 to 30 °C and kept for the hours
indicated, then heated at the rate of 20 °C/min.
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Figure 17. d5/dT vs. T at 20 °C/min calculated for poly(vinyl
acetate), PVA-II, following a severe quenching that leaves the
fluctuations spread out broadly, which causes the sub-T, peak.
The hours indicate the period each sample had been kept at 10
°C before heating.

curves of Figure 16 drop much more sharply above the
peak temperature than the experimental data. If the ex-
cess volume is assumed to be proportional to the excess
entropy in the small temperature range near the equilib-
rium, then the thermal expansion coefficient should be
proportional to C,/T hence should be approximately
proportional to C,. The distribution of the density fluc-
tuations in a quenched sample is broad. The spread of the
fluctuations can cause multiple peaks depending on the
combinations of the history and the heating rate.*%%
Figure 17 shows the calculated results of such combina-
tions, where the initial quenching from 50 to 10 °C was
followed by 10, 30, and 100 h of waiting before the heating
was begun with the rate of 20 °C/min. The sub-T, peaks
appear because of the combined effects of the si’ow-re-
sponding fluctuation, which tend to relax to a lower volume
during the heating, and the faster responding fluctuations,
which increase the volume rapidly beginning at the lower
temperatures, as shown in Figure 18, where T((2) is the
fictive temperature (really the measure of the volume) of
the slower responding element, T(9) is that of the faster
responding element, and T} corresponds to the overall
volume whose slope will undergo a temporary decrease,
reflected in the sub-T, peak in Figure 17. This sub-T,
peak, then, is the consequence of the behavior of the
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nonequilibrium density fluctuations characteristic of the
behavior near T, and it is not necessary to invoke an
additional relaxation mechanism to explain its existence.

Glucose

Kovacs® has shown that all of the preceding behavior is
not specific to polymers but can be observed in non-
polymers such as glucose. In keeping with this contention,
we obtained dielectric data on glucose that exhibited a
broad distribution of relaxation times as shown in Figure
19, and the shift in the relaxation times with aging included
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a slight but definite memory effect as shown in Figure 20.

Conclusion

We have analyzed aspects of the slow relaxation process
associated with the glass transition. Most importantly,
because the distribution of relaxation times and the aging
process including the memory effect are not unique to
polymers but are common to many glass-forming sub-
stances, the results obtained here will probably prove to
be applicable in general. For example, from the actually
measured T, by differential scanning calorimetry at, say,
20 °C/min, (T} for quenched glass is usually about 7 K
below such T,) the value for T, can be scaled accordingly,
(T, = T, - 51.5) and the entire program can be run, using
H, = 3.70 kcal mol™'. The other adjustable parameter, H,,
can be determined form viscoelastic data or, if unknown,
simply assumed to be 50 kcal mol™. Such a scheme has
been applied to many different polymers with a reasonable
degree of success.!®

The general features of the process may be summarized
as follows:

(1) The kinetic relaxation time for the aging follows the
formula

In+=C+H,/RT+ H,/R{(T;- T, (13)

(2) The dielectric and mechanical relaxation time for the
loss peak at equilibrium follows the formula

].n T= C + HW/R(Tf“ TQ)

where the same values for H, and T’ are used for the above
two equations.

(3) The relaxation spectrum is assumed to remain un-
changed, but the density fluctuations are found to be
broadly distributed when not in equilibrium during the
aging process. The extra term, H,/RT, in eq 13 is probably
due to the change in the relaxation spectrum.

(4) The average relaxation time for aging can be ob-
tained from eq 13, even though no two nonequilibrium
states even with identical T can be assumed to be the
same.

(5) The sub-T, “transition” does not necessarily mean
another relaxation process but can be a consequence of the
complex way the density fluctuations respond to 7-t
history.
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Nomenclature

a; Tl'/‘f'

C, adjustable parameters
C17)

C, specific heat at constant pressure

AC, difference in specific heat between liquidus and

glass

G, the relative strength of fluctuations, dirac 6 having
GQ) the relaxation time of 7; or 7(j)

H enthalpy

H,, H, apparent activation enthalpy, H, for Arrhenius,

H, for WLF or Vogel-Fulcher expression

n slope of log relaxation modulus vs. log time

R universal gas constant

t time

T temperature

T temperature below which volumetric and dielec-
tric relaxation times diverge, it is near the usual
T

T, the iimiting temperature for Vogel-Fulcher ex-

pression
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T fictive temperature, a structural parameter cor-
responding to the temperature at which H, V,
or S of a given glassy state intersects the
equilibrium liquidus line

T¢(j)  a parametric expression for the volume fluctuation

expressed in terms of the fictive temperature
glass transition temperature

v, v,  specific volume, the subscript = refers to the
equilibrium value

U, Ui the specific volume of the ith element; « refers
to the equilibrium

x adjustable parameter in Narayanaswamy'’s for-
mula to weigh the relative influence of tem-
perature as x against that of the structure as (1
— x) on relaxation time

o thermal expansion coefficient
Aa difference in « for the liquidus and the glass
8 the normalized deviation from the equilibrium

value, e.g., (U - V.)/Va

8;, 6(j) ith (jth) component of volume fluctuations which
add up to 6

€ the normalized volume in excess of volume of the
“T, glass”, whose fictive temperature equals T,
ie, e = Aa(T - Ty)

¢’ dielectric loss factor

7, Tmax Overall relaxation time corresponding to the di-
electric loss maximum

70 characteristic relaxation time, which can be 7,
Tay average relaxation time, e.g,, In 7,, = > G,In7;
T off reciprocal of ~d Iné/dt, not any relaxation time

7;, 7(j) relaxation time of ith (jth) dirac § for fluctuations
w circular frequency in rad/s
o(t) relaxation function of time, e.g., ¢(t) = G, exp-

(=(t/7)%)

Registry No. Poly(vinyl acetate) (homopolymer), 9003-20-7;
glucose, 50-99-7.
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ABSTRACT: A sample of poly(methylphenylsiloxane) of known stereochemical structure was cross-linked
by means of dicumyl peroxide. The resulting elastomeric networks were studied in elongation, in both the
unswollen and swollen states, over the temperature range 1070 °C. The most important experimental results
obtained were values of the strain birefringence, which was found to be negative. Theoretical calculations
based on rotational isomeric state theory were carried out to interpret the temperature coefficient of the
unperturbed dimensions, d In (2),/d T, the optical-configuration parameter, Aa, and its temperature coefficient.
The agreement between theory and experiment was excellent, suggesting that intermolecular correlations,
which are usually considered to be responsible for a large discrepancy between experimental and theoretical
values of the stress optical properties, are very small in this polymer. Contrary to other systems, swelling

the networks with decalin worsens this agreement.

Introduction

Among the configurational properties of polymeric
materials, the temperature coefficient of the unperturbed
dimensions, d In (r?),/dT, and the birefrigence, An, are
the ones most extensively studied in elastomeric net-
works.? They can provide valuable information on the
molecular characteristics of the chains from which the
networks are constituted. The temperature coefficient of
the unperturbed dimensions can be obtained from
stress—temperature (thermoelastic) experiments. This
technique has been proven to be very useful to obtain
reliable data on many elastomeric systems.! The bire-
fringence is an optical property from which one can obtain
the stress—optical coefficient, C, the related optical-con-
figuration parameter, Aq, and its temperature coefficient.

All these quantities can be evaluated theoretically from
structural and configurational parameters of the polymer
chains by means of the rotational isomeric state theory.?
However, in the case of the strain-birefringence studies,
poor agreement has been found between theory and ex-
periment, particularly in the case of symmetric chains.
Few studies have been performed on asymmetric chains,*®
in which the birefringence is usually negative, and, in this
case, the agreement seems to be much better.#® Another
important feature of these chains is that their configura-
tional properties usually show a strong dependence on the
stereochemical structure. Therefore, it would be inter-
esting to carry out more studies on these types of polymers,
including asymmetric chains.
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Poly(methylphenylsiloxane) (PMPS) is an important
inorganic polymer, and the above studies would provide
information about its conformation. The presence of a
bulky and anisotropic side group in the chain makes the
birefringence negative in the oriented polymer. Also, the
special characteristics of the siloxane backbone confer very
interesting properties to these chains. The inequality of
the two skeletal bond angles and the long O-Si bond make
the interaction between two phenyl groups, situated on the
same side of the chain, attractive. This is contrary to the
situation found in vinyl chains (for instance, polystyrene),
in which this same interaction is repulsive.’

The dependence of some configurational properties of
PMPS on the stereochemical structure has been studied
theoretically by Mark and Ko.® Their calculations included
the characteristic ratio and the temperature coefficient of
the unperturbed dimensions. The required conformational
energies were obtained from semiempirical interatomic
potential energy functions and from known results on
poly(dimethylsiloxane). Unfortunately, there are only a
few experimental results to compare with the calculated
values, and even those were obtained in polymer samples
of unknown stereochemical structure.®'® Therefore, only
a tentative comparison could be made.

The purpose of the present investigation is twofold: on
the one hand, to provide more information on the con-
figurational-dependent properties of asymmetric chains,
particularly in the case of the optical properties, and on
the other hand, to apply the rotational isomeric state
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